In this paper we investigate the partial order set A n of S 1 fixed points of the Peterson variety P et n , a special subset of involutions of symmetric group S n . The order is induced by the Bruhat order of S n . It is a graded poset with rank function given by the cardinality of descent set. We establish its Galois connection with the Boolean poset and show that its Hasse diagram admits EL-labeling and finally show that it is lexicographically shellable and hence Cohen-Macaulay.
Introduction
Flag variety has a quite number of well known subvarieties in general. One of such is the Peterson variety in which the subspaces in a flag are related by using regular nilpotent operator and Hessenberg function. D. Peterson introduced the variety in his study of quantum cohomology ring of partial flag variety. Peterson variety is well known and much studied in the recent years. For details see [1] , [4] , [9] , [14] , [16] , [17] and [18] . There is a torus action on the flag variety but this action does not preserve the Peterson variety, it turns out that there is a one-dimensional subtorus S 1 which preserves the variety. The goal of this work is to study the poset of S 1 fixed points of the Peterson variety. These fixed points turn out to be proper subset of involutions in the symmetric group in type A and hence we study geometric object from the combinatorial point view.
A permutation of a set [n] := {1, 2, . . . , n} is a bijection α : [n] −→ [n]. The symmetric group S n is the group of all permutations of [n] under the composition of functions. Each permutation α partitions [n] into orbits. A cycle is a permutation which has at most one orbit which contains more than one element. In other words, a cycle w ∈ S n is given by w = (m i 1 , m i 2 , . . . , m i k ) written in one-line notation, where w(m is ) = m i s+1 , 1 ≤ s < k − 1 and w(m i k ) = m i 1 . The cycle w is of length k and hence it is called k-cycle. Every permutation α ∈ S n is a cycle or can be expressed as a unique product of cycles where cycles are disjoints and arranged in the decreasing order of lengths. An involution is a permutation α such that α 2 is the identity. There are only 2-cycles and fixed points in the disjoint cycle decomposition of involutions and 2-cycles need not be adjacent. Trivially, the identity permutation is an involution. The number of involutions of [n] is equal to the number of partitions of set [n] in which every block has 1 or 2 elements [19] , [21] , [22] . For poset notation and terminology, we follow [21] . Let a ≺ b denote b covers a, meaning a < b and there is no c such that a < c < b. A finite poset P has the graph called Hasse diagram whose vertices are given by the elements of P and the edges are described by the covering relations such that b is on the upper level of a if a < b. A poset P is said to be bounded if it has a minimum and maximum denoted bŷ 0 and1 respectively. If a, b ∈ P with a < b, the set [a, b] = {z ∈ P | a ≤ c ≤ b} is called an interval of P. A chain of length t from a to b with a < b is a (t+1)-tuple (c 0 , c 1 , . . . , c t ) such that a = c 0 < c 1 < · · · < c t = b. If all the relations are replaced by covering relations ≺ then the chain is said to be saturated or pure. A poset P is said to be graded if all its maximal chains are of the same length k. This implies that there is a unique function ρ : P −→ {0, 1, . . . k} such that ρ(a) = 0 if it is a minimal element of P and ρ(b)) = ρ(a) + 1 if a ≺ b in P. Let P be a graded poset and let T be a totally ordered set. An EL-labelling of P is a function γ : P × P −→ T such that for every a, b ∈ P with a < b, there is a unique chain with non-decreasing label which turns out to be the minimal label with respect to other chains. A Coxeter group partially ordered by the Bruhat order is a graded poset, the rank function is given by the length, it is also EL-Shellable and Eulerian, see [3] . Edelman [6] showed that the Bruhat order of the symmetric group S n is lexicographically shellable by giving elegant description of covering relations for symmetric group. This corresponds geometrically to the study of Bruhat order on the torus fixed point of flag variety in type A. Incitti explored the same properties in the subposet of Coxeter group induced by the set involutions in type A, B, D see [11] , [12] , [13] . The partial order on the set of fixed-point-free involutions of S n which is closely connected geometrically with the theory of spherical varieties has been studied by Deodhar and Srinivasan [5] . The goal of this work is to investigate similar properties in the subposet of certain subset of involutions of the symmetric group S n . It is important to point out that this subset describes geometrically the S 1 fixed points of the Peterson variety in type A and hence it is not fixed point free as a subset of involutions of the symmetric group S n . In section 2, we review some of the terminology and state results in section 3.
The FLAG MANIFOLD AND PETERSON VARIETY
Let V be an n-dimension vector space over the field of complex numbers. By a flag F in V , we mean a sequence of subspaces:
The set of all such flags in V is called flag manifold and denoted by F(n). By fixing a basis e 1 , e 2 , . . . , e n , we let E • to denote the standard flag spanned by
The general linear group G = GL(n, C) acts transitively on F(n) and the stabilizer of standard flag is the Borel subgroup and hence the identification of F(n) with G/B. Therefore, F(n) is viewed as a homogeneous space. Peterson variety P et n in type A is the n − 1 dimensional projective algebraic subvariety of the flag manifold F(n) given by
where Y : C n −→ C n denotes regular nilpotent operator with respect to the standard basis of C n of order n. The operator is the matrix of single n × n Jordan block of eigenvalue 0, that is
is generally a T -space by left multiplication, where T is a n-dimensional torus of the form:
The bad news is that the Peterson variety is not preserved under this torus action. However, Harada and Tymoczko [9] showed that there is an action of circle subgroup S 1 of T on the Peterson variety with nice properties. S 1 consists of diagonal matrices of the form:
We recall the following standard facts about the subtorus S 1 from [9] 1 The torus S 1 preserves the Peterson variety 2 The S 1 -fixed point set and T-fixed point set of the flag variety coincide 3 The S 1 -fixed point of flag variety restricts to that of the Peterson variety. That is, P et
The T-fixed points F(n) T of the flag variety are precisely the n! permutation flags given by (2.7)
w(E • ) = e w(1) ⊂ e w(1) , e w(2) ⊂ · · · ⊂ e w(1) , e w (2) , . . . , e w(n)
for any given permutation w ∈ S n .
The combinatorial and geometric properties of S 1 fixed point set P et
n of the Peterson variety can be found in [14] , [1] , [4] , [9] . We recall some of them. Let K ⊂ S n denote the subgroup of the symmetric group S n generated by a set of simple transpositions {s i 1 , s i 2 , . . . , s i |K| } and let w K denote the longest word in K. The S 1 -fixed points of the Peterson variety are the flag w K (E) corresponding to the subgroups K of S n [14] .
Lemma 1 [9] . An S 1 -fixed point w(E • ) is contained in the Peterson variety if and only if w satisfies w −1 (i) ≤ w −1 (i + 1) + 1 for all 1 ≤ i < n. Harada and Tymoczko [9] gave the general form of a typical element in P et
Theorem 1. Let w ∈ S n such that either w i+1 > w i or w i+1 = w i − 1 for all 1 ≤ i < n. Then w is an involution in the symmetric group S n .
Proof. It suffices to show that there are only two cycles and fixed points in the cycle decomposition of w. The one-line notation of w is of the form w = w 1 , w 1 − 1, w 1 − 2, . . . , 1, w 2 , a 2 − 1, . . . , w 1 + 1, . . . , n, n − 1, . . . , w r + 1 where 1 ≤ w 1 < w 2 < · · · < w r < n, denote by γ(w i ), the number of entries in the natural descending order in which w i , 1 ≤ i ≤ r − 1 is the first entry. The decomposition of w into 2-cycles gives (w 1 , 1)(
. Fixed points occur if γ(w i ) is odd, otherwise w is fixed point free. There are only 2-cycles and fixed points in the disjoint cycle decomposition of involutions and hence w ∈ S n is an involution.
Corollary
It is immediately obvious that not all involutions in S n manifest the property of w. For example, 3412 ∈ S 4 is an involution which does not satisfy the property. The subclass of involutions in the S n which exhibit the property is the focus of this work. These elements constitute the S Let A n denote the subclass of such permutations in S n . To each element w ∈ A n we associate the list (γ(w 1 ), γ(w 2 ), . . . , γ(w n )) such that γ(w i ) = #{w i j : w i 1 > w i 2 > · · · > w ir , w i j +1 = w i j − 1 and w i = w i 1 }, that is, γ(w i ) counts the number of the entries in the natural descending order of each segment of the permutation w in which w i is the largest entry. For example the permutation w=432159876 has three segments: 4321 − 5 − 9876 and therefore γ(4) = 4, γ(5) = 1, γ(9) = 4. A composition α is a sequence α = (α 1 , α 2 , . . . , α k ) of positive integers such that
Lemma 2. The list (γ(w 1 ), γ(w 2 ), . . . , γ(w n )) is a composition of n So each composition α of n can be identified with a unique permutation w α ∈ A n thereby establishing a bijection between the set of all compositions of n and A n . The identification provides an elegant way of counting the elements of A n which is given by 2 n−1 , see Examples 1 and 2 for the case n= 5 and n= 6 respectively. More is true, for each w ∈ A n , the corresponding composition (γ(w 1 ), γ(w 2 ), . . . , γ(w n )) encodes information about the permutation matrix associated to w. Precisely each entry γ(w i ) gives the size of anti-diagonal identity matrix block in the associated permutation matrix of w. 
The permutation matrix has 3 anti-identity block matrices of orders 3, 2 and 4 which give the associated composition of w, that is (3, 2, 4). For the sake of convenience, we set γ(w 1 ) = α 1 , γ(w 2 ) = α 2 , . . . , γ(w n ) = α k . It is well known that Comp(n), the set of all compositions of n is in bijection with the subsets of [n − 1] := {1, 2, 3, . . . , n − 1} identifying each composition α with the subset I α = {α 1 , α 1 + α 2 , . . . , α 1 + α 2 · · · + α k−1 }. This will be important in what follows. Proof. Since there is a bijection between A n and Comp(n), the composition of two bijective maps is bijective and hence the bijection between A n and the subsets of [n − 1] taking the complements. α 1 +α 2 , . . . , α 1 +α 2 · · ·+α k−1 } associated to each permutation w ∈ A n constitute well known and studied statistics on permutations in general. They are known as ascent and descent sets of a given permutation. These have elegant descriptions in the permutation matrix associated to w ∈ A n , the set {α 1 , α 1 +α 2 , . . . , α 1 +α 2 · · ·+α k−1 } represents the column indices of the topmost staircase not counting the last column of the permutation matrix representing the permutation w ∈ A n while [n − 1] \ {α 1 , α 1 + α 2 , . . . , α 1 + α 2 · · · + α k−1 } turns out to be the column indices of lower staircase of the same permutation, see (2.9). Stanley [20] showed that they are dual. .
The two important subsets
I α = {α 1 , α 1 + α 2 , . . . , α 1 + α 2 · · · + α k } and I c α = [n−1]\{α 1 ,
Partial order on A n
In this section, we describe how to compare two elements in A n . The partial order on A n is induced by the combinatorial pattern of inclusion of decent sets. All order relations come from cover relations. It is a graded poset with rank
. The generating rank function is given by (3.1)
It is important to note that dot criterion algorithm and tableau criterion algorithm for comparison of two elements in S n [see [2] , Chapter 2] induce comparison of two elements in A n . They provide efficient method of comparison when n grows, hence Bruhat order on S n induces the partial order on A n .
For each w ∈ A n , there is a diagram of w given by the square of n × n boxes in which dots are placed in the boxes (i, w(i)). In general, box (i, j) denotes the box in the row i and column j. The box (i, j) is filled with a dot if w i = j and let w[i, j] count the number of dots contained in the northwest corner above the box (i, j). That is, 
, . . . , n Theorem 3. Let u, w ∈ A n . Then the following two statements are equiv-
Theorem 4. Let u, w ∈ A n . Then, u ≤ w if and only if u ij ≤ w ij for all 1 ≤ i ≤ j ≤ n, where u ij and w ij are the i-the entries in the increasing arrangement of u 1 , u 2 , . . . , u j and w 1 , w 2 , . . . , w j respectively.
It is a well known fact that there is a partial ordering on the compositions of n given by refinement. The cover relations are of the form (α 1 , α 2 , . . . , α k ) (α 1 , . . . α i + α i+1 , . . . , α k ). The refinement corresponds to set inclusion in the bijection between compositions of n and the subsets of [n − 1] and hence we identify the poset of compositions of n with the Boolean poset Q n . There is a descent map D : A n → Q n given by w → D(w). Let R : Q n → A n defined by w α → I c α . A Galois connection between posets X and Y is a pair (f, g) of order preserving maps f : X → Y and g : Y → X such that for any x ∈ X and y ∈ Y , f (x) ≤ y ⇔ x ≤ g(y). Proof. It suffices to show that both D and R are order preserving and D • R = id Qn . Any two comparable elements in A n will induce inclusion on their corresponding descent sets in Q n and vice versa.
There is a graph ΓA n called Hasse diagram associated to the poset A n in which the elements of A n are the vertices and cover relations are edges (See Figure 1) . Lemma 4. The number of maximal chains in ΓA n is (n − 1)!. Proof. To every maximal chain c in A we associate the Jordan-Hölder sequence π c ∈ [n − 1] n−1 given by
in the symmetric group S n−1 is a bijection. There is only one element in S n−1 for which k 1 < k 2 < · · · < k n−1 . This has a unique pre-image in A which lexicographically precedes any other Jordan-Hölder sequence in A and hence an edge labelling λ is an EL-labeling.
Corolary 2.
A n is EL-shellable.
Proof. From Theorem , it admits EL-labeling.
Theorem 7.
A n is shellable.
Proof. Let C 1 , C 2 , . . . , C v be the set of all (n − 1)! maximal chains in A n lined up in the lexicographical order of their label sequence. Showing that this is a shelling requires the establishment of the fact that there exits r, 1 ≤ r < s and an u ∈ C s such that C i ∩C s ⊂ C r ∩C s = C s −{u}, whenever 1 ≤ i < s ≤ v. So if C i :0 = c 0 ≺ c 1 ≺ · · · ≺ c n =1 and C s :0 = c 0 ≺ c 1 ≺ · · · ≺ c n =1 such that 1 ≤ i < s ≤ v, then there is an α such that c i = c i , 0 ≤ i ≤ α. Let β be the least integer greater than α such that c β = c β , the implication is that c i = c i whenever α < i < β. The sequence c α < c α+1 < · · · < c β is not the unique increasing chain since C i precedes C s in their lexicographical labeling and hence there exits γ such that α < γ < β and λ(c γ−1 , c γ ) > λ(c γ , c γ+1 ). If we let c γ−1 ≺ c γ ≺ c γ+1 be the unique increasing sequence from c γ−1 to c γ+1 . Then we get C r by replacing c γ by c γ in C s satisfying 1 ≤ s < v and C i ∩ C s ⊂ C r ∩ C s = C s − {u}. 
